1 Symmetry in Classical and Quantum Mechanics

1.1 Principle of Least Action

Assume that there are n dynamical variables, ¢;(¢). Define the actionas S = [ L(g;, ¢;) dt,
where L(g;, g;) is a function called the lagrangian for the system, which is at least quadratic
in ¢;. The principle of least action (also called Hamilton’s principle) dictates that ¢; and
¢; behave so as to minimize S. The requirement §S = 0 gives rise to the Euler-Lagrange
equation,
i oL B oL
dt 9¢;  Og; ’

(1.1)

which comprises a set of n second-order differential equations which describe the dynamics

of q.

1.2 Hamiltonian Formulation

It is possible to describe the same dynamics described by (1.1) in terms of 2n first-order

diferential equations. This is done by defining momenta

Since L is at least quadratic in ¢, we can solve (1.2) to express ¢; as a function of ¢; and
pi, so that ¢; = ¢i(q,p). Furthermore, if we differentiate (1.2) with respect to time, we
derive

d oL
dt 94:

OL
= 1.

where we have passed from the first line to the second using the Euler-Lagrange equation

(1.1). We then define a new function

szn:'va—%—L, (1.4)

which is called the Hamiltonian. Equation (1.4) is an example of a Legendre transfor-
mation. Since we use (1.2) to express ¢; as a function of ¢; and p;, the Hamiltonian is a

function of ¢; and p;; that is, we can rewrite (1.4) as
H(q,p) =Y _di(a.p)pi — L(d(q,p), ) - (1.5)
i=1
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Now, if we vary H we determine

- ) ) oL . 0L
0H = ;(pi5qi+qi5pi—(a—qiéqmua_qi(gqi))

= z": <Qi5pi_§_;5Qi>

=1

n

= Z (Cii Opi — P 5%‘) , (1.6)

=1

where we have passed from the first line to the second by using (1.2), so that the first and
third terms cancel, and we have passed from the second line to the third by using (1.3).

Now, since dp; and dg; are independent variations, (1.6) tells us that

. oOH
q; = opi
oH
.i - - ) 1
P 90 (1.7)

which comprises n first-order differential equations, called Hamilton’s equations. Note

that (1.7) is completely equivalent to the Euler-Lagrange equation (1.1).
Ezxample:

As an example, consider a system with two dynamical variables, given by the position x
and the velocity & of a particle moving in one-dimension in a potential V' (x), as described
by the lagrangian L(x, &) = 34% — V(z). The Euler-Lagrange equation (1.1) is then given
by & + V'(z) = 0. According to (1.2), we have momentum p given by p = &, so that
the Hamiltonian (1.4) is H(z,p) = ip* + V(z). The Hamilton equations (1.7) are then
given by @ = p and p = —V’(x). Eliminating p from these two equations tells us that

Z + V'(z) = 0, which is the same as the Euler-Lagrange equations, as expected.

1.3 Poisson Brackets

Suppose we are given ¢;(t) which satisfies (1.1), or, equivalently, ¢;(t) and p;(¢) which
satisfy (1.7), where p; is defined by (1.2). Then we can determine the behavior of any



function f = f(q,p), since
N T
fla,p) = ; <0qi di + apipz)

"L/ 0f 0 of 0
- Z (6qi 8}5_510@'85)

= {f(g,p), H(q,p) }vs (1.8)

where, in general, the Poisson bracket ! is defined over two functions f(q,p) and g(q, p)
as

n

_ of 99 0f g
{f,g}pB:; <aqiapi_apiaqi>' (1.9)

The Poisson bracket is a bilinear operation which is skew-symmetric (meaning that
{f,9}p = —{9g, f}pB, so that {f, f}ps = 0), and it also satisfies a Jacobi identity.
Notice that all of these properties are satisfied, as well, by the commutator operation on
matrices.

Note that the first of the two equations in (1.7) is equivalent to ¢; = {¢;, H }pp and
the second is equivalent to p; = {p;, H}pp. Thus, a more general statement of Hamilton’s
principle is given by

% (0.p) ={ f(a,p), H(q.D) }rs- (1.10)

A consequence of (1.10) is that quantities O(q, p) which are conserved, meaning O = 0,
have vanishing Poisson bracket {O, H}pg = 0. Alternatively, any quantity O for which
{O, H}pg = 0 is conserved, O = 0.

1.4 Invariant Charges

Consider a lagrangian which depends on a particle’s position z(t) and its velocity &(t),
L=1L(x%). (1.11)
The position x(t) is determined by the Euler-Lagrange equation,

222 . (1.12)

Note that the definition given in (1.9) for the Poisson bracket is the standard definition found in
classical mechanics texts, such as [1, 2], and is defined such that {¢,p}pp = 1. But in the standard field
theory texts, such as [3, 4], the Poisson bracket is defined with the opposite sign, so that {¢,p}pp = —1.
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The classical theory has a continuous symmetry if, under an infinitesimal change x —

x + dgx, the lagrangian changes by a total derivative,
L—L+K. (1.13)

We specialize to the case where 6 does not depend on t, 6 = 0. The “charge”, defined by

Q) = g—i%lﬁ—f(, (1.14)

is invariant, ie: d Q(0)/dt = 0. This is straightforward to prove, by simply differentiating,
d OL oL d
277 it
(G 92"+ 55 @

oL oL . .
— %591’4»%591}—59[/

= gL — L

d -~
EQ(H) =

— 0, (1.15)

where, in passing from the first line to the second, we have used (1.12) and the fact that
the operator dy commutes with the operator d/dt. The parameter # will, in general, be
a matrix-valued zero-form which can be expressed as 0 = 0*T,, where {T,} are anti-
Hermitian generators of a group. These then satisfy the commutation relation [T, , T}, | =
fave Te, where fop. are the (real) structure constants of the group. Since we have specialized

to the case where § = 0, the parameter can be extracted from the charge as

Q) =—0"Q, . (1.16)

This defines the parameter-independent charge Q,, which is also conserved, since dQ(6) /dt =
0 implies that d@,/dt = 0 (because the constant parameter passes through the derivative
and can therefore be scaled out of the equation).

An interesting result is that the Poisson brackets of the charges @), reflects the group

structure of the corresponding generators T,

{Qaa Qb }PB - fabc Qc7 (117)

where f,;,. are the same structure constants defined by
[TaaTb] :fabcTc~ (118)

This fact is provides the essential link between classical mechanics and quantum mechan-

ics.



1.5 Angular Momentum

As an example, consider a free point particle moving in three spatial dimensions, as

described by the lagrangian

L=Y 1. (1.19)

This theory has a global rotational symmetry, under which z; — €2;; x;, where the rotation

matrix is generated by (7});; = ;5. Thus,
zp — ()
= €T; + €Z‘jk$j8k —+ - s (120)

so that, infinitesimally, dgx; = 5ijkxj9k’. Note that the group of rotations generated by T;
is SO(3), and that the T; satisfy the commutation relationship [T;, T} | = i Tk

If we define the conserved charge to be J(6), then, using (1.14), it is simple to determine

- oL
10 = 5.

591]2'
= $z(€z]k$]9k)
= 0" (enijuity)

—0" J; (1.21)

where the last line serves as a definition of the parameter-independent charge, which we

can read off as
Ji = Eijk Ty ik (1.22)

The momentum conjugate to x; is defined by p; = 0L/0%; = &;, and the Hamiltonian,

determined by (1.4) is

3
H=> 1p}. (1.23)
In this case, we can rewrite (1.22) as
Ji :5z‘jk T Pk (1.24)

or, in common vector notation, J = r x p, which is the angular momentum. We there-
fore see that the conservation of angular momentum, ie: J = 0 is a consequence of the

rotational symmetry of the theory, shown in (1.20).
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It is instructive to compute the Poisson bracket,

3
(st = 30 (24050904

M«

(Suk Ejipl — Eipl Ejlk )xppk

=1

= (e : Ejip + €k : Eilp )flfp Pk
= (—eji'erp) T D1
= & ! (5lpk xppk)

= g (1.25)

Notice that the Poisson brackets of the .J; reflect the commutator structure of the 7.

1.6 Canonical Quantization

We quantize a classical theory by representing each dynamical variable f by a Hermitian
operator in a Hilbert space, f — ]/C\, and by imposing a commutator structure on the set of
such operators which respects the corresponding algebra reflected in the classical Poisson

brackets. This is done as follows,

T —— (1.26

Because of this relationship the quantum operators satisfy the same algebra as the trans-
formations generated by the corresponding classical variables. (The factor of i is nec-
essary in the quantum theory because the commutator of two Hermitian operators is
anti-Hermitian.)

If we choose f and g to be the position and momentum, respectively, of a particle, so
that f = x and g = p, we easily determine the Poisson bracket {z,p}pg = 1. The quan-
tized theory then includes operators @ and p, which satisfy the commutation relationship

—i[z,p]/h = 1, which we can rewrite as
[Z,p]=ih. (1.27)

If the Hilbert space is described by the space of smooth, continuous functions f(x) (ie:

maps R — C*°(IR)), then the momentum operator is represented by p = —i hd/0z.



There are two equivalent formulations of quantum mechanics. In the first of these,
called the Heisenberg picture, the time-evolution is expressed in terms of operator evo-
lution. In the second formulation, called the Shrodinger picture, the operators are time-
independent, and the time evolution is included in a the state vector, or wavefunction.

The Heisenberg picture is more useful for describing field quantization.

1.7 The Heisenberg picture

Hamilton’s equation (1.10) describes the time evolution of a quantity O in the classical
theory. In the Heisenberg picture of quantum mechanics, an observable quantity is repre-
sented by a (time-dependent) Hermitian operator Oy (t) which acts on (time-independent)
elements of the Hilbert space, which we generically denote ¢ g. In this case, we can ap-
ply the quantization rule (1.26) to (1.10) to describe the time evolution of Og(t) in the

quantum theory. We thus determine

d ~
- 1) =
dtOH()

i

FH, On(0)]. (1.28)

Equation (1.28) describes the time-evolution of quantum operators in the Heisenberg

picture.

1.8 The Schrodinger picture
Equation (1.28) can be formally solved by writing
Ou(t) = et Uh Oy e=iH N (1.29)

where @s is a time-independent operator. Since the operator @) u acts on ¥y, it is useful

to define a time-dependent wavefunction as

Ps(t) = e Mgy (1.30)
Differentiating this, we derive
Sus(t) = S Ty)
= €_Zm(—%ﬁf¢H)
= LH (e )
= LHus() (131)



Thus, we determine that

Hs(t) = ih 5 ds(t). (1.32)

Equation (1.32) is called the Schrédinger equation. It is often convenient to work in units
such that h = 1.

1.9 Consistency

Consider the rotationally symmetric point-particle theory described by (1.19) and (1.23).
The basic Poisson bracket is given by {;, p;}pp = d;;, which defines the canonical quan-

tization condition given by

The classically-conserved angular momentum is given by J; = €;;; x; px, and the associated

Poisson bracket is { J;, J; } = €1 J&. So canonical quantization would imply that
PAAETETY S (1.34)

In this case, if we simply take jz = ¢ijk T; Pk, and use the facts that the Z; commute
amongst each other, the p; commute amongst each other, and use (1.33), then a short
computation shows that (1.34) follows automatically. Note that this simple consistency
test was not guaranteed to hold on the basis of the tenets set forth above. It is good
that it does hold because this enables us to consistently persue quantum mechanics along
the simple lines addressed so far. But this is a good place to point out that consistency
tests of precisely this sort do fail in certain field theories, indicating a deep relationship
between symmetry principles and quantum mechanics. These are referred to as quantum

mechanical anomalies.

1.10 Harmonic Oscillator

Consider the following classical lagrangian,
L=1¢@-1u¢, (1.35)

involving the single degree-of freedom ¢(t). The Euler-Lagrange equation, obtained by
extremizing (1.35), is given by

j+w’q=0. (1.36)



The general soution to (1.36) is described by
1
q —_=
V2w

where a is an arbitrary real coefficient. The numerical prefactor in (1.37) has been chosen

(ae ™" 4 al ), (1.37)

for future convenience. The momentum conjugate to ¢ is defined by p = dL/dq, so that

p = ¢. Using the classical solution (1.37), the clasical momentum is described by
p=—iy/=(ae ™ —ale“t). (1.38)

It is useful to use (1.37) and (1.38) to express a and a' in terms of p and ¢, as follows,

—iwt (

a = —e wq +ip)

ﬁ.ﬁ
&

T wt .
a' = —e* (wg—1 1.39
= (g —ip) (139
The Hamiltonian is defined by H = pg — L, This tells us that p = ¢ and
H=1p+1u2¢. (1.40)
Substituting the classsical results (1.37) and (1.38), we find
w
HZE(aaTJraTa). (1.41)

We canonically quantize by replacing a and af with operators, subject to the condition
[q, p] =i. Using (1.39), thius condition can be reexpressed as a condition on the operators

a and a', given by
[a,a']=1. (1.42)
Using this result, we can express the hamiltonian (1.40) in normal ordered form as
H:w(aTajL%) (1.43)
Define a “number” operator,

N=da. (1.44)

[N.,a] = —a. (1.45)



Assume that the number operator has eigenstates | >, labeled by integer eigenvalues [.

Thus, N|{ >=1|l >. It is then easy to show that
Na|l> = (aN—-a)|l>=({—-1)a|l>
Na'|[l> = (@'N+ad)|I>=(1(+1Da"|l > . (1.46)

Thus, a|l > |l —1 >, and a' |l > |l + 1 >. For this reason, a is referred to as a
“raising” operator, and a' is called a “lowering” operator. The Hermitian conjugate of
the state |l > is denoted < [|. A positive definite norm is defined on the Hilbert space,
so that

<lIlata|l>>0. (1.47)

For this reason, there exists a “lowest” state | 0 >, normalized so that < 0|0 >= 1, which

is annihilated by the lowering operator,
al0>=0. (1.48)
This enables us to define an orthonormal basis of states

n >= a’™ 0>, (1.49)

1
V!

for n = 0,1,..., 00, where the prefactor has been chosen so that < m|n >= d,,, .
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2 Symmetry in Classical Field Theory

A field theory involves separate dynamical variables at each point on a base manifold. In
these lectures, the base manifold is flat four-dimensional Minkowski space. The simplest
example involves a scalar field ¢(x). A classical field theory is described by a lagrangian

density L = L(¢,0,¢), so that the action is given by S = [ d*z L. The principle of least
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action dictates that ¢(z) behaves so as to extremize S. The requirement 05 = 0 gives

rise to the Euler-Lagrange field equation,

oL oL
O 50) ~ doln) 21)

which is a second-order differential equation which describes the behavior of ¢(z). As

in the case of the classical mechanics of point particles, we can rephrase (2.1) in terms
of first-order differential equations by performing a Legendre transformation. However,
for the case of fields, this can be done only if we make a special distinction between the
“space” and “time” coordinates.
To do this, we define the momentum conjugate to ¢(x) as
oL
Sp(t,x)’

where the dot denotes dy. We can solve (2.1) to express ¢ in terms of ¢ and 7. Note that

m(t,x) = (2.2)

this places a special distinction on the time coordinate. Therefore, it is useful to rewrite
the Euler Lagrange equation (2.1) as
d oL oL oL

TP T R ey Rl ey 23)
where we recognize the first term as the time derivative of (2.2). Thus,
oL oL
. 2.4
e e R PPy 24
We now define a Hamiltonian density as
H=¢n—L. (2.5)
If we vary 'H, we determine
S oL oL oL
OH = 7op+ pom — —5 +—(5 + —=—00;
6+ 60m— (5500 + 5206+ 5 00i0)
oL oL
= ¢57T_(7T+6581¢)6¢_58,¢ ; 0
oL
_ _ 2.
b0m — 766 — 055560, (2.6)

where we have passed from the first line to the second by using (2.2) so that the first and
fourth terms cancel, we have used (2.4) to rewrite the third term, and have used the fact
that the infinitesimal field variation § commutes with the derivative 0;. We now define

the Hamiltonian to be the spatial integral of the Hamiltonian density,

H = /d3XH. (2.7)



If we vary H, using (2.6) we determine

5H:/d3x((b57r—fr5¢). (2.8)

The last term in (2.6) does not contribute to (2.8) because it is a total spatial derivative
and therefore vanishes because of Stoke’s theorem when integrated over (provided the

fields vanish quickly enough as they approach infinity). But, since

ot = [ (e

where all functional variations are at fized times, we have determined that

So(x, 1) + (;jf—}gi) o (x, t)) , (2.9)

Px,8) = 5255}5%
w(x,1) = —5‘;]{—)%. (2.10)

In these expressions, we have indicated a formal time dependence in H(t) in order to
make the fixed-time used in the functional variation explicit; as it turns out, H is time-
independent since it described the total energy. Equations (2.10) are field-version of
Hamilton’s equations, and are completely equivalent to the Euler-Lagrange field equa-
tion (2.1). We can use (2.10) to determine the dynamics of a generic functional O =
O(¢(x), m(x), t), where, in addition to a field-dependence, we have included the possi-

bility that the functional can have an additional explicit time-dependence. We find

d 5 O O 20
EO = /dX<—¢(X’t)+—57r(x,t)W(X’t))+E

0¢(x, 1)
B e @, 0H 50 0H 00
N / x <5¢(X, t) om(x,t)  om(x,t) 6o (x,1t) ) * ot
= {OaH}PB‘i‘%, (2.11)

where the Poisson bracket is defined on any two functionals F} [¢(x), 7(x)] and Fp[¢(z), 7(z)]

as

5F1 (5F2 6F1 5F2
) ) (2.12)

{ £, Fajen = /dsX <6q§(x, £) om(x,t)  om(x,1) dg(x, 1t

As in the case of point particle mechanics, the Poisson bracket is a bilinear operation
which is skew-symmetric (meaning that {Fy, Fy}pg = —{F3, Fi}pp, so that {F, F'} = 0),

and it also satisfies a Jacobi identity. Notice again that all of these properties are satisfied
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as well by the commutator operation on matrices. The most fundamental Poisson bracket

is determined as follows,

3 6¢(X’ t) 57T(Yat) 57T(X7t) 5¢(Yat)
obet), nly.0) ) = /d Y (Gow ) mw )~ 5ot ) wiw1])

= /d2W53(x—w)53(y—W)
= Px-y), (2.13)

where the second term on the right-hand side of the first line vanishes because ¢ and 7w
are a-priori independent, and the rest of the computation is a trivial exercize in functional
calculus.

Equation (2.11) tells us that the Hamiltonian is responsible for the time translation

of any quantity,

d 00
EO—{O,H}PB‘FE. (2.14)

Note that this relation encompasses the Hamilton equations (2.10), since by choosing
O = ¢ or O = 7w we recover the first or second equation in (2.10), respectively. An
important consequence of (2.14) is that any quantity whose Poisson bracket with the
Hamiltonian vanishes is conserved. That is, if {F, H} = 0, then F' = 0. Note especially
that {H, H} = 0, so the Hamiltonian itself is conserved.

2.1 Conservation Laws

For every continous global symmetry transformation which leaves the action invariant,
there is an associated current J* which is conserved (i.e. d,J"* = 0), and a charge
Q = [ d*x J° which is time-invariant (i.e. @ = 0). We can separate the symmetries of the
theory into two classes. The first of these comprise the spacetime symmetries, consisting
of the group of spacetime translations and the group of Lorentz transformations (i.e.
spatial rotations plus boosts), which collectively describe the Poincaré group. The second

class of symmetry transformations are the internal symmetries.
Translations:

Under a global translation z# — x* + €, a scalar ¢(x) transforms as ¢(z) — ¢(z +€) =
o(x) + e*0up(x) + - - -, so that d¢(x) = €0, ¢p(x). The lagrangian density, for instance, is

a scalar, so it follows that
0L = €'0,L. (2.15)

13



But, since £ = L(¢(z), d,¢(x) ), it follows that
oL oL

6L = s 5(9,0)
= %e” V¢+§gf¢ (€70,9)
= (55 00+ g 000)
=< (a“(agfd)) 0o+ 5af¢a a”¢>
—y (5(;@ 9,6) . (2.16)

where we pass from the second line to the third using the restriction that e # e(x) and
we pass from the third line to the fourth using the Euler-Lagrange field equation (2.1).
Subtracting (2.16) from (2.15) we therefore determine

oL
Y 6" L . 2.1
O (5000 = 0" L) = (217
We give the quantity in brackets a special name,
oL
™ = v i 2.1
5009 (2.18)

which is called the stress-energy tensor. Since (2.17) is valid for any choice of €, it follows
that (2.17) implies 0,7"" = 0.

Lorentz transformations:

Under a global Lorentz transformation z# — x# + ¢*x,,, where e" = —&"#. A lorentz
scalar ¢(z) transforms as ¢(a#) — o(x* + ex,) = ¢(x) + 2, 0,¢0(x) + - - -, so that

0¢ = " x,0,¢. The lagrangian density, for instance, is a lorentz scalar, so it follows that
L = "2,0,L
= 0,(z,L)
= £0,(z,0,"L), (2.19)

where we pass from the first line to the second using the observation that £*0,z, =
e"n,,, = 0 (since e is an antisymmetric tensor while 7, is a symmetric tensor), and

we rewrite the result as shown in the third line for convenience below. But, since £ =
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L(¢(z), 0,0(x)), it follows that

oL oL
L = £5¢+m5(@¢)
oL oL
= (0,—)0op+ ———20,(0
( ”58u¢> ¢ 00,9 n(00)
oL
= a“((saméd’)
oL
— 6u(58¢5”pxpayqb)
1
oL
— ngau(gjpmayqﬁ), (2.20)

where we have passed from the first line to the second using the Euler-Lagrange field
equation (2.1), and we pass to the final line by using the restriction that e # " (x).
Subtracting (2.19) from (2.20) we determine

oL

0 = =0 ((555
i

@¢—®“EWJ

= €404 (T“V xp>
— e, 0 (T ar — T ). (2.21)
We give the quantity in brackets a special name,
MHMP = TH gP — THP ¥ (2.22)

Since (2.21) is valid for any choice of ¢ it follows that (2.21) implies that d,, M*** = 0.

2.2 The Poincaré Group

The Poincaré group consists of four spacetime translations, generated by P, plus the

Lorentz group, which involves the six generators M ,,, which are antisymmetric in the

Nz
indices. These satisfy the commutation relationships

[M,uua M/\O'] = TNux Mua +771/0' M,u/\ — Nuo MV/\ — Nux M,ua
[MW’P/\] = Nux Py —nua By, (2-23)
where 1 = 0,1, 2,3 and 7, = diag(+———). It is instructive to separate those generators

involving a time index from the others. Thus, the four spacetime translations P, separate
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into H = F,, which describes time translations, and P;, where ¢ = 1,2, 3, whch describes
spatial translations. Similarly, the six generators M, separate into X; = My, which
describe boosts in each of the three spatial directions, and L; = %gijkM ik, Where €5, is the
totally antisymmetric symbol with €193 = 1, which describes the three spatial rotations.

The algebra (2.23) can then be rewritten as follows, where all omitted commutators vanish,

[LiaLj] = 5ijkLk [Hsz']:Pi
[ Xi, Li] = eijn X [P, X;] =05 H
[Xi, XJ] = Eijk Lk [R, LJ] = &ijk Pk . (224)

Note that the only generators which do not commute with time translation, H, are the
boosts, X;.

FExample:

The simplest example of a field theory in d = 4 Minkowski space is the theory of a free
real scalar field ¢(x), described by the lagrangian density

L=10,00"0. (2.25)

It is straightforward to determine the two conserved currents T+ and M**, using (2.18)
and (2.22),

T = ¢3¢ — 59" dpp 09
MHMA = T g _ THA ¥ (2.26)

The momentum conjugate to ¢ is defined by (2.2) to be w(z) = ¢(x). Therefore, if
we make a special distinction for the time direction, and define the individual invariant

charges as

H = /dSXTOO XZ = /dSXMOiO

P = /dsxTOi Li= e /d3XM0jka (2.27)
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we determine the following explicit expressions for the charges,
"= /d?’x (47 + 120
P = / d*x 7 0;¢
Ai = /@%(%fw“mﬂ@¢+;fmwf)

Li = &ijk /d3X7Tl‘j 8k¢ (228)

Note that only the X; have an explicit time-dependence. Now we can compute the Poisson
bracket (2.12) between any pair of these expressions. After this straightforward exercise,

we determine

{Li, Li }ps = eiiLs {H, X, }pp =P,
{Xi: Lj }PB = 5iijk {Pz', Xj }PB:5in
{Xi, Xj e = eijnLi {P, L }ps = ciji Px, (2.29)

which, as is easily verified, precisely reflects the Poincaré algebra (2.24). Using the func-
tional Hamilton equations (2.14), we verify that each of these charges are invariant, ie:
H =P =L, =X, =0. This follows for H , P, and L; because each of these have vanishing
Poisson bracket with H. For X; it follows because of the explicit time dependence in the

expression for X;, from which it is easy to compute
0X;

=PF. 2.30
p (2.30)
Thus, we determine
d 0X;
dt { T
= -P+P
= 0. (2.31)

So, we have verified, using the Hamiltonian approach, that there is, indeed, a conserved

quantity associated with each of the parameters of the ten-dimensional Poincaré group.

2.3 Noether’s Theorem

So far, we have demonstrated that, associated with each of the ten parameters associated

with the Poincaré group, there exists a corresponding conserved current and invariant
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charge. This is an example of a generic phenomenon. In any classical field theory, as-
sociated with each independent continuous global symmetry transformation there is a
corresponding conserved current and invariant charge. In this section, we describe the
phenomenon in generality.

Consider a classical field theory described by a lagrangian density which depends on
a field ¢ and its derivatives 0,¢,

= L(¢,0u0) . (2.32)

The field ¢ obeys the Euler-Lagrange equation of motion,
oL oL

Ou(o) — =

50,6 59

The theory has a symmetry if, under the change ¢ — ¢ + dy¢ the lagrangian density

=0. (2.33)

changes by a total derivative,
L— L+ 0,K". (2.34)

We specialize to the case where 6 is a spacetime constant, d, 0 = 0. The current, defined
by

oL
00,0

JHO) = Spp — K", (2.35)

is conserved, ie: 8uj”(9) = 0. This is straightforward to prove, by simply differentiating,
0L oL

0, T(0) = (D) 000+ 555 Duldnd) = 0,K”
o o
oL 0L
= %59¢+58“¢ (u¢)
= 0oL — 0pL
= 0, (2.36)

where, in passing from the first line to the second, we have used (2.33) and the fact that
the operator dp commutes with the operator d,.

The parameter 6 will, in general, be a (constant) matrix-valued zero-form which can
be expressed as 6 = 0°T,, where {T,} are the anti-Hermitian generators of a group.

Therefore, the parameter can be extracted from the current as
JHO) = -6 J~ . (2.37)

This defines the parameter-independent current J#, which is also conserved, since the
8,“]7‘(9) = 0 implies that d,J% = 0 (because the constant parameter passes through the

derivative and can be therefore be scaled out of the equation).
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2.4 Example
As an example, consider the lagrangian density,

L =ipy"o,. (2.38)
Vector symmetry:

Equation (2.38) is invariant under the global transformation
vo— g
v — Ug. (2.39)

The group element g is represented as g = exp 6, where § = 6°T, is a matrix-valued
parameter, and {6°} are real numbers. In this case, the infinitesimal transformations are
given by g0 = —01, p1) = 0. It is easy to show that 6L = 0, so that K* = 0.
Furthermore, since there is only one derivative in the lagrangian density, the current is
given by

- oL

JHO) = 500
“w

— (i TL). (2.40)

Therefore, the parameter-independent conserved current is given by
Ty =iy Tow, (2.41)
and the corresponding conservation law tells us that 9,J% = 0.
Axial Symmetry:
Equation (2.38) is also invariant under the second global transformation
p — ey
Y — Per, (2.42)

where « is a real, constant angular variable. In this case, the infinitesimal transformations
are given by 6,1 = ia 51 and §,00 = iahys. It is easy to show that 6,£ = 0, so that
K* = 0. Furthermore, since there is only one derivative in the lagrangian density, the
current is given by

- oL

Jflf(a) = m 0o
"

= —a(P1's ). (2.43)
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Therefore, the parameter-independent conserved current is given by

JE = s b, (2.44)

where the subscript 5 has been included in the name JE, due to the presence of the -5

factor, to distinguish this current from the vector current given in (2.41).

3 Quantization of Real Scalar Fields

We quantize a field theory involving a real scalar field ¢(x), with conjugate momenta
7(x), by replacing ¢(z) and 7(x) with Hermitian operators, gg(x) and 7(z), which satisfy
operator commutation relations at equal times, which respects the corresponding algebra

reflected in the classical Poisson brackets 2. This is done as follows,
i~ o~
{FlaFQ}PB_>_ﬁ[F17F2]7 (3.1)

where F) and F; are generic functionals of qg(x) and 7(z). Because of relationship (3.1),
the quantum operators corresponding to conserved charges should satisfy the same com-
mutator algebra as the transformations generated by the corresponding symmetry trans-
formations. The factor of ¢ is necessary in the quantum theory because the commutator
of two Hermitian operators is anti-Hermitian. If we apply (3.1) to the case where F; and

F; are taken to ¢(x,t) and m(x,t) respectively, we detemine

[0(x,t), 7y, )] = ihd*(x —y). (3.2)

This “equal time commutator” is a fundamental expression in the quantization of fields.

3.1 Free Real Scalar Field Theory

A free real scalar field is described by the following lagrangian density 3
L=10,00'¢0—Lim*¢*. (3.3)

The Euler-Lagrange field equation, obtained by functionally extremizing the action S =
[ d*z L, is given by

(O+m?)é(r)=0. (3.4)

2In this lecture, all fields are assumed to be bosonic.
3Henceforth, we will use the more concise term lagrangian rather than lagrangian density when the

distinction is clear.
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This particular equation is called the Klein-Gordon equation. The general solution is

given by,
o) = [ % (a0 fulo) + al k) i) (3.5)

where fi(z) is an individual plane wave solution, given by

— ; e—ik-a:
fula) = e (3.6)

with energy wy, given by wr = vk -k +m?2. The normalization in (3.6) is chosen such
that

/ Px [ (2)i Do ful) = 0*(k—K)
/ &x fi(z)i 9o frw(z) = 0. (3.7)

3.2 Quantize the theory

The canonical momentum associated with ¢(z) is given by w(z) = 6L /0¢(x) = ¢(x). We

quantize the theory by imposing the following equal-time commutation relationship,
[7(x,1), ¢y, t)] = —i0°(x —y). (3.8)
In terms of the operators a(k) and a'(k), this relationship is rephrased as follows,
[a(k), a'(K)] = 0°(k — k'), (3.9)

which is practically identical to the harmonic oscillator algebra described previously.
Thus, a quantized scalar field is essentially a collection of harmonic oscillators. Using
reasoning similar to that discussed above, there exists a ground state | 0), now called “the
vacuum”, which is annihilated by a(k), ie: a(k)|0) = 0, and which is normalized so that
(0]0) = 1. Furthermore, there is a complete set of orthonormal basis states, which are

constructed by acting with powers of af(k) on the vacuum.
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3.3 Some Useful Functions

Of interest is the two-point function (0| ¢(y) ¢(x) |0), which is also called a “correlation

function”. It is straightforward to compute this,

(0] () 6() | 0)
= O] [ @k (a0fil) + d @) ) (a0)fle) + a1 i) [0)
= [ ka0 a09d! () 0) ()i o)

=(/fkhwﬁﬂ@

Pr
_ —ik(y-a) 3.10
/ (27m)3 2w (3.10)

In this calculation, we pass from the first line to the second using the facts that a(k)|0 >=
0, which defines the vacuum, and (0| a'(k)a'(k’) |0) = 0, which follows because the state
a'(k)a'(k')| 0) is normal to the vacuum, and we pass from the second line to the third
by substituting (0| a(k)a’(k’)]|0) = (0| [a(k), a'(k')]]0) = §3(k — k’). It is interesting
to note that (3.10) is Lorentz invariant. This follows because the integration measure is
Lorentz invariant (prove this) and because the integrand is manifestly Lorentz invariant.

Another object of interest is the vacuum-to-vacuum amplitude of the commutator,

Alr—y) = —i{0|[o(x), ¢(y)]]0)

. d3k —ik-(x— ik-(x—
= _Z/M(e (z—y) _ pik:( y)>7 (3.11)

where the first identity defines A(x — y) and the second identity follows obviously from
(3.10). The function A(x — y) has some useful properties, such as

(@2 +m*)A(x—y) = 0
A(‘T - y) ‘$0=y0 =0
BAT = Y) logmyy = —0(x—y). (3.12)

The first of these relations is simple to determine, using the property k% = m?, the second
is straightforward to prove by replacing k — —k in the second integral, and the third is
similarly straightforward, using the integral representation of the delta function described

in the appendix. Furthermore A(x — y) is Lorentz invariant, just as (3.10) is Lorentz
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