ECON582 Nelson/Tsang
Econometrics 111 Spring 2007

ECONS582 Econometrics III — Midterm Exam

26™ April 2007, 1:30 pm-2:50 pm
It is a closed-book exam, and you do not need any statistical table
Keep your answer short

Total points=70

Short Questions (Answer all questions)

Question 1 (Ordinary Least Squares) [10 points] — Consider the regression model with
one RHS variable y; = X, + &, where all the classical linear regression assumptions hold.
What is the probability limit of the OLS estimator ,é ? (5 points) What is the asymptotic

distribution of the OLS estimator ,é ? (5 points) Show your steps clearly, and you can

assume that some relevant law of large number (LLN) and central limit theorem (CLT) hold.
Answer: Refer to Greene Chapter 5
Grading Policy: You get full credits as long as you show the main steps of the derivation.

Question 2 (Ordinary Least Squares) [10 points] — Consider the regression model with

one RHS variable y; = X, + &,. Prove that the OLS residual = Y, — ,5’ X; is orthogonal to
n R n

the RHS variable X; , i.e. z X.& =0. Does this result imply the OLS assumptionz X& =0,
i=1 i=1

where &, is the error term? Explain.

n

n n N n ..n n zxi Yi n
Answer: ZXiéi = ZXi (yi —ﬁxi) = in Y, _ﬂz Xi2 — zxi y, — i:: zxiz 0
i=1 i=1 i=1 i=1 i=1 ZX_Z i=1

i=1
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The orthogonality between the RHS and the residual defines the OLS estimator, and the
orthogonality between the RHS and the error is an assumption, which we cannot test

because the error is unobservable.

Grading Policy: The above proof does not require any expectation and assumption. All you

need is the definition of the OLS estimatot.

Question 3 (Instrumental Variable Estimation) [10 points] — Consider the regression

model with one RHS variable y; = X, + &, where all the classical linear regression
assumptions hold. Now X is not correlated with &, , but you use the IV estimator '

anyway. Which is bigger, var ( ,é oL ) orvar ( ,é W ) ? Explain briefly.

Answer: Due to the Gauss-Markov Theorem (we can use it as all the classical assumptions

are met), var(ﬂ"’ ) must be larger.

Grading Policy: Writing down the proof on page 80 in Greene is acceptable, though it is not
technically correct: the proof is for the asymptotic variances only. The Gauss-Markov

Theorem is more general.

Question 4 (Instrumental Variable Estimation) [10 points] — Consider the regression
model with one RHS variable y; = X, + &, where X, IS correlated with &; , and all the other

classical linear regression assumptions hold. Is it necessarily better to use IV (assuming that
the instrument is valid) in small sample? (5 points) What about in large sample? (5 points)

Explain your answers briefly.

Answer: Small sample and weak instrument: You just have to briefly mention the main
points of the Nelson-Startz paper.

Large sample and weak instrument: The problems in the Nelson-Startz paper go away with a

large sample, but as Mean-squared error = Bias™2 + Var”2, we still face a tradeoff between

bias (the OLS is worse) and variance (the IV is worse).
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Grading Policy: You don’t need to write too much as long as you get the main points.

Long Questions (Choose 2 out of 3)

Question 5 (Measurement Errors) [15 points] — Consider the true model yi* =0 Xi* +é&,

where all the classical linear regression assumptions hold. All variables have zero mean.

Unluckily, observations on the true variables may not be available. Find the probability limit

of the OLS estimator ,6A’ for the following situations:

a) The LHS variable is measured with errory, =y, +V., E (Vi Ly, Xi*) =0,
E(v?]y,x)=0; (5 points).

b) The RHS variable is measured with error X, = X +U, ,E (ui Iy, Xi*) =0,

E(u’ 1y, %) =07 (5 points).

¢) Both the LLHS and RHS variables are measured with errory, =y, +V,, X =X, +U.,
E(Vi | yi*' Xi*) = E(ui | Yi*, Xi*) = E(uivi | yi*! Xi*) =0,E (Vi2 | Yi*’ Xi*) = ‘75 >

E(Ui2 Ly, Xi*) =0’ (5 points).

Answer

n

XY, Zn:xf(ﬂxf+gi+vi) Zn:xi*giJan:vai
=1

a) Solve for the OLS estimator 8 = 4= = = f+-2 =

n n

22N 2K
i=1 i=1 i=1
n n
D oxgn+ Y xv,In
=1

Taking probability limit: plim = g+ plim- i = 3.

Zn:xi*zln
i=1

b) Solve for the OLS estimator

n

Xy Zn:(xHui)(ﬂngi) ﬂzn:x:2+ixfgi+ﬁzn:x:ui+igiui
f =1L == __ia =l i1 i1
X Z(xi*drui)2 Z(xi*+ui)2

i=1 i=1
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Taking probability limit

X ,BZX /n+2x /n+ﬂzn:x /n+z<9u/n o

plimp=—=L - Sl
(% +u) Gx*+0”

i=1

¢) Solve for the OLS estimator

n

Zn:xiyi i(xf+ui)(ﬂxf+gi+vi) ,an:xf2+ixrgi+ﬂzn:xfui+zn:giui+ixi*vi+2uivi

ﬁ _ =l _ =l __i=l i=1 i=1 i=1 i=L
n ) n . 2 n . 2
;X‘ izzl:(xi +u;) i=l(xi +u;)
Taking probability limit

ZX /n+2x /n+ﬂzn:xi*ui/n+zn:giui/n+zn:x /n+2uv/n o
i=1 X

pllm,B_ =1 - > >
Z(X +U) O'X*+O'u

i=1

Grading Policy: Some credits are given for wrong answers but correct steps.

Question 6 (Wage Equation) [15 points] — Suppose the following wage equation is the

true model:

W =BS +yA+&, E(51S/,A)=0,andvar( |S], A )=

In words, log wage W. is a function of schoolingS and ability A . All variables have zero
mean. Unluckily, you do not observe A, and, worse still, schooling is measured with
errorSiZSi*-i-Vt,E(Vi|Si*,Ai)=0 ( |S,,A1) andE(8V|S:,A):O. So you
are estimatingW, = 45, +U,. Prove that the probability limit of the OLS estimator ,é in this

regression can be either larger than ot smaller than f.

Answer

Solve for the OLS estimatot:
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S.w.

(Si*+vi)(ﬂ8i*+yA +gi)

n n

1
s? (s +v,)
1

i= i=1

n
i=1

A

ﬂz . +7’ZS:A +ZS:5i +IBZSi*Vi +7zViAﬁ +zvigi
_ izl i=1 i=1 =) i=1 i=1
D SE+DvE+2) Sy,
i=1 i=1 i=1
Divide all by the sample size and take probability limit:
plim ,5’

,an:szln+7zn:SfA/n+Zn:Si*gi/n+,BZn:Si*vi/n+y/Zn:viA /n+zn:vigi/n
i=1 i=1 i=1 i=1 i=1

= plim—= - - -
D> .SZIn+> v In+2) Sv,/n
i=1 i=1 i=1

_ ﬂQs* +]/QS*A
Qs* + o-VZ
po, n Qs

- 2 2
Q. +o, Q. +o,

=p

We would expect 7 >0andQ,., >0. We may asymptotically bias the return to schooling

upward or downward, depending on the relative size of the omitted variable bias and

measurement error bias.
Grading Policy: Some credits are given for wrong answers but correct steps.

Question 7 (Demand-Supply Model) [15 points] — Consider the simple demand-supply
model:

Qg = 4P+ X + &y, (Quantity demanded is a function of price and income)

0, = B.P, + &, (Quantity supplied is a function of price)

0; =0, =05, (Market equilibrium)

The two shocks are serially uncorrelated, and have the properties:

E(gdxflxt):E(gS’tlxt):O’ E(gd,tzl)(t):o-j’ E(gs,tzl)(t):asz’ E(gd,tgs,tlxt)zo
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a) Derive the IV estimator for £3,. (3 points)

b) Detive the 2SLS estimator for 3. (3 points)

¢) Show that the answers to a) and b) are equivalent. (3 points)

d) Solve for the reduced form of the system. (3 points)

e) Based on d), describe briefly how you would estimate £, by indirect least squares. (3

points)

Answer

T

R
t=1

. . . v
a) Using income as an instrument, we have f =
D %P,
t=1

T

X > %D,

t=1
T

2%

t=1

—

b) First we run P, on X, and get the fitted value P, = , and second we run g, on the

T

> ba,

fitted value to get f°° =22

52
Py
]

—

. . . A vl
c) Using matrix notation: P = X(X X) X'p and

-1 '

B =(f)'f))_1f)'q :(p'x(x'x)_lx'x(x'x)“lx'p)_lp'x(x'x) X'q

-1

:(p'x(x'x)_lx'p)_lp'x(x'x) X'q
=(x'p) 71(p'x(x'x)71)71 p'x(x'x) " x'q
=(x'p) "x'q=4"

d) Doing algebra:

_ A, X T & — &y

P ==XtV
B
Lo X + fE, —aE
= WX+ i€y — AE, = XV,
B-a
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e) Estimate the two reduced-form equations in d) by OLS and obtain 7;and 7,, the indirect

least squares estimator for the supply slope is simply 7, / 7, = 3,

Grading Policy: Some credits are given for wrong answers but correct steps.



